We present the results of the first fully three-dimensional particle-in-cell simulations of decaying whistler turbulence in a magnetized, homogeneous, collisionless plasma in which both forward cascades to shorter wavelengths, and inverse cascades to longer wavelengths are allowed to proceed. For the electron beta β e = 0.10 initial value considered here, the early-time rate of inverse cascade is very much smaller than the rate of forward cascade, so that at late times the fluctuation energy in the regime of the inverse cascade is much weaker than that in the forward cascade regime. Similarly, the wavevector anisotropy in the inverse cascade regime is much weaker than that in the forward cascade regime.
INTRODUCTION
The Kolmogorov picture of fluid turbulence is that fluctuating energy is put into the system at long wavelengths, and is transported through nonlinear interactions among the fluctuations to shorter wavelengths, where it suffers dissipation by heating of the medium. This process is usually termed a forward cascade. This scenario appears to frequently apply to the evolution of broadband fluctuations in plasmas, and, although the details are different, it is broadly used as the basis for describing longwavelength solar wind turbulence (Zhou et al. 2004 ). The converse process, in which fluctuation energy is inserted at short wavelengths, and then is transported to longer wavelengths, is called an inverse cascade, but has not been studied to the same degree.
Recent three-dimensional (3D) particle-in-cell (PIC) simulations have examined the temporal evolution of small wavenumber whistler fluctuations (kc/ω e 1, where ω e represents the electron plasma frequency). These simulations (Chang et al. 2011 Gary et al. 2012) show that the fluctuations undergo forward cascades to larger wavenumbers (kc/ω e 1) forming broadband anisotropic turbulence with k ⊥ k . The simulations show that this cascade is very general, in the sense that it happens for many different values of initial electron β e and fluctuation amplitudes e in a broad range, where β e = 8πn e k B T e /B 2 o and e = Σ k |δB| 2 t=0 /8πn e k B T e,t=0 . There is less published research addressing simulations of the inverse transfer of whistler turbulence. Studies in the electron magnetohydrodynamic (EMHD) model show the cascade of whistler turbulence to both shorter and longer wavelengths (e.g., Cho & Lazarian 2004; Shaikh & Zank 2005; Cho 2011 ). Wareing & Hollerbach (2009 demonstrate inverse cascades of EMHD simulations under both two-dimensional (2D) and 3D configurations, with the 3D inverse cascade considerably weaker than the forward cascade.
Particle-in-cell simulations have also been used to address the inverse transfer of whistler fluctuations from short to long wavelengths excited by electron-driven, electromagnetic, kinetic instabilities (Gary & Wang 1996; Ganguli et al. 2010; Gary et al. 2014 ). These simulations demonstrated both forward and inverse spectral transfers; however, the instability growth yielded large-amplitude whistlers that were narrowband in both wavenumber and wavevector direction, so that the resulting fluctuation energy transfer was not characteristic of a broadband turbulent spectrum.
An alternative procedure, such as that used in our earlier PIC simulation studies of whistler turbulence forward cascade cited above, is to choose an initial ensemble of relatively large amplitude whistler modes that represent relatively broadband, isotropic wavevector distributions. This allows a more general choice of initial spectra, and is the procedure used in the simulations described here. In those earlier works, we focused on the forward cascade of whistler turbulence where the wavelengths of the initial fluctuations imposed upon the system were of the same order as the simulation dimensions. Hence, in those simulations, only the forward cascade to shorter wavelengths could proceed, and the inverse cascade to larger wavelengths was excluded.
In this manuscript, we extend our previous simulations by choosing a simulation box larger than that used in our earlier simulations while still choosing the same initial fluctuating whistler modes, and let the inverse cascade process freely compete against the forward cascade process. This fully 3D large scale PIC computation is more general than previous inverse cascade computational models (Wareing & Hollerbach 2010; Ganguli et al. 2010; Cho 2011) and permits a direct comparison of the competition between forward and inverse cascades for whistler turbulence. We investigate the preferential evolution direction, energy cascade and dissipation rate, wavevector anisotropy of whistler turbulence and corresponding electron heating associated with the inverse cascade, and comparisons against previous forward cascade cases are presented.
INITIAL CONDITIONS AND SIMULATION SETUP
The plasma model used here is collisionless and homogeneous with periodic boundary conditions in all three directions. We define two runs in this manuscript. Run 1 is the same forward cascade case as used in our previous work, e.g., Chang et al. (2013) , at β e = 0.1 and e = 2.0. All plasma and computational parameters are the same as before. The simulation domain is still L x,y,z /λ e = 51.2 with a grid spacing of Δ = 0.1λ e , where λ e = c/ω e is the electron inertial length. The initial fluctuation spectrum at t = 0 is still chosen to consist of whistler waves at k /⊥ λ e = ±0.1227, ±0.2454, and ±0.3682, and k ⊥ λ e = 0 as before. The limited domain size of Run 1 allows only the forward cascade to proceed. Run 2 is the new large domain run, which allows both forward and inverse cascades. Most of the plasma and computational parameters of Run 2 are the same as Run 1. The differences are summarized in Table 1 . Run 2 uses a larger simulation box, that is 2048×2048×2048 cells. With a grid spacing still Δ = 0.1λ e , the simulation domain is enlarged to L x,y,z /λ e = 204.8. The simulation box size (204.8λ e ) 3 allows the smallest wavenumber of |k x,y,z λ e | = 0.0307, a factor of four decrease compared to Run 1 which has the smallest wavenumber at |k x,y,z λ e | = 0.1227. For Run 2, a different set of initial fluctuation modes is chosen. We shift the initial fluctuation modes to 0.2454 |k /⊥ λ e | 0.4909, allowing a factor of eight increase in wavelength for the inverse cascade to proceed.
Additionally, the system used in Run 2 has a much higher resolution, and includes many more wavenumbers that could be resolved on the grid between the range 0.2454 |k /⊥ λ e | 0.4909. Therefore, we load the whistler waves at all of these wavenumbers. The system then has many more initial fluctuation modes than the 150 modes from Run 1. We assume all modes have the same amplitude, and the initial condition e = 2.0 is still enforced. Because of the high resolution, the initial spectrum of Run 2 illustrated in the upper panel of Figure 1 shows a clear ring distribution instead of the low resolution square in Figure 1 of Chang et al. (2011) . Inverse cascade processes will pump fluctuating energy into smaller wavenumbers, e.g., the dark blue area in the center of the spectrum of the upper panel of Figure 1 , where there is initially only a very low level of thermal fluctuations present. In contrast, the forward cascade process will push energy outwards to larger wavenumbers.
PARTICLE-IN-CELL SIMULATIONS
Run 2 is the first large scale 3D PIC simulation of decaying whistler turbulence that allows both forward and inverse cascades in a magnetized, homogeneous plasma. Due to the computational limits, we have run this simulation only to |Ω e |t ≈ 80; however, this is long enough to let the inverse cascade process reach a quasi-steady state to compare with the corresponding forward cascade process. Figure 1 compares the magnetic fluctuation energy wavevector spectra at t = 0 and |Ω e |t = 78.3 for Run 2. The left column shows k x − k y spectra cut at k = 0 representing fluctuations in the plane perpendicular to B o =ẑB o , and the right column shows k − k ⊥ spectra reduced over the azimuthal angle of the perpendicular wavevectors representing fluctuations in the plane containing B o . As illustrated in the lower left panel, similar to previous forward cascade cases, Run 2 exhibits a gyrotropic spectrum in the perpendicular plane for both forward cascades and inverse cascades. The lower right panel shows the usual quasi-perpendicular wavevector anisotropy for the forward cascade to shorter wavelengths. At smaller |k| in the direction of the inverse cascade, it appears that magnetic energy is pumped almost equally into quasi-parallel and quasi-perpendicular directions, and the dark blue circle in the center of the ring spectrum in the upper right panel has been gradually reduced. Figure 2 shows the anisotropy factors for both the forward and inverse cascade of Run 2, and compares them with Run 1. Both forward and inverse cascade wavevector anisotropy factors are defined as (Shebalin et al. 1983) 
For the forward cascade process, Run 1 and Run 2 have no qualitative differences, i.e., they both show a strong anisotropic wavevector with k ⊥ > k . Both anisotropies approach the same level, although Run 2 has a much smoother time history of tan 2 θ B due to its larger number of modes and broader spectral band for wave-wave interactions. For the inverse cascade of Run 2, the anisotropy factor is roughly around 1.3, which is a relatively weak anisotropy, as compared with those of the forward cascades. Figure 3 plots the reduced magnetic energy spectrum E(k ) and E(k ⊥ ), defined previously in Gary et al. (2012) , at |Ω e |t = 78.3 from both Run 1 and Run 2. E(k /⊥ ) is summed over both the azimuthal angle of the perpendicular wavevectors and one k direction:
The figure shows that, E(k ⊥ ) from Run 1 and Run 2 in the forward cascade regime have no qualitative differences. They both show a characteristic spectral break at |k ⊥ |λ e ∼ 1, and have the same power-law spectral indices. For Run 2, we plot both E(k ⊥ ) and E(k ) for comparison. In the forward cascade regime, E(k ⊥ ) and E(k ) show clear differences, and most energy is preferentially pumped in quasiperpendicular directions. In the inverse cascade regime, the area under E(k ⊥ ) and E(k ) curves represents the same amount of energy. The two curves are roughly the same except that at |k ⊥/ |λ e 0.05, E(k ⊥ ) is smaller than E(k ). This indicates that the inverse cascaded energy has a slightly quasi-perpendicular preference, since E(k ⊥ ≈ 0) is mostly projected from fluctuations at quasi-parallel directions, and E(k ≈ 0) is mostly projected from fluctuations at quasi-perpendicular directions. This result is consistent with the blue line of Figure 2 . We also plotted the E(|k|) spectrum (not shown here), which exhibits a positive index power-law dependance rather than a negative index power law as in driven turbulence simulations (Shaikh & Zank 2005) . Similar spectral properties are shown in 3D EMHD turbulence (Wareing & Hollerbach 2010; Cho 2011) . Integrating the area below the spectrum curve for both forward and inverse cascade side, the ratio E fwd /E inv is about a factor of 80. Therefore, the total forward cascaded energy is much larger than the total inverse cascaded energy.
Figure 4(a) shows the total magnetic fluctuation energy density as a function of time for Run 1 and Run 2. The total fluctuating field energy is dissipated over time, and has no qualitative difference between the two runs. Because the overall damping rate of Run 2 does not increase in the presence of the inverse cascade, it indicates that the dominating process to facilitate the inverse cascade is nonlinear wave-wave interactions, rather than wave-particle interactions, at least until our simulation ends. Run 1: they grow at the same time and saturate at the same time. The forward cascaded energy of Run 2 is slightly larger than that of Run 1, which is due to the much larger number of wave modes that serve as channels for wave-wave interactions. The difference between them begins to grow at |Ω e |t ∼ 10, reaches maximum at |Ω e |t ∼ 60, and decreases after that. A similar trend is also shown for the total magnetic fluctuation energy in Figure 4 (a), and implies that the slightly smaller damping rate for Run 2 in Figure 4 (a) is due to the stronger wave-wave interactions presented in this large scale simulation. Consistent with Figure 3 , the forward cascaded energy of Run 2 is much larger than the inverse cascaded energy, such that at |Ω e |t = 67.1 the ratio is roughly 90. Note that although the forward cascade saturates at |Ω e |t ∼ 60, there is no sign of saturation for the inverse cascade, and the overall inverse cascade rate is faster than the corresponding damping rate. This implies that the wave-wave interaction is still a stronger process than the wave-particle damping for inverse cascade process until the end of our simulation. It is consistent with our linear dispersion prediction in Figure 5 .1 of Chang (2013) : at such large wavelengths, the damping rate γ of whistler wave is very small for β e = 0.1 plasmas.
Figure 4(c) shows that the forward cascade rate of Run 1 and Run 2 are qualitatively similar over the entire simulation. At |Ω e |t ∼ 60, forward cascade rates become weakly negative, while the inverse cascade rate remains weakly positive. This is consistent with Figure 4(b) . Note that at 0 < |Ω e |t 10, Run 2's forward cascade rate is much larger than its inverse cascade rate as confirmed by the time history of the ratio |δB| 2 fwd /|δB| 2 inv , although the cascade rate curves do not show that due to the lack of sampling data points. This implies that the total cascaded energy difference between forward and inverse cascades of Run 2 is likely due to the much larger shorter-wavelength part of the spectrum than the longer-wavelength part where initially there is only a low level of thermal fluctuations.
CONCLUSIONS
The first fully 3D PIC simulation of decaying whistler turbulence within a simulation box large enough to permit both forward and inverse cascades has been carried out. We impose an initial isotropic spectrum of whistlers upon the system, with wavelengths much smaller than the simulation box size, in plasmas with initial β e = 0.1 and e = 2.0. The system exhibits both a forward cascade to shorter wavelengths and inverse cascade to longer wavelengths, and yields transfer of fluctuation energy to a broadband, turbulent spectrum with fluctuation wavevectors preferentially k ⊥ > k in the forward cascade regime, and to a much weaker anisotropic spectrum with average fluctuation wavevectors k ⊥ k in the inverse cascade regime.
Qualitatively, all properties of the forward cascade process in the new run are similar to previous results obtained from a 3D counterpart simulation that only permits forward cascades. These properties include magnetic fluctuation energy wavevector anisotropy, k ⊥ reduced magnetic energy spectrum, electronscale spectral break and indices, magnetic energy total dissipation, and cascaded rate. We also investigated the electron heating and kinetic energy anisotropy (not shown here), which are also similar to Figure 4 of Chang et al. (2013) . Because the inverse cascade is relatively weak, these results indicate that the presence of an inverse cascade does not affect the qualitative conclusions previously established from the whistler turbulence forward cascade simulations (Chang et al. 2011 Gary et al. 2012) .
Quantitatively, at early times in the new run, turbulence exhibits a smaller magnetic energy dissipation rate, a lower electron heating rate, and a larger fluctuation energy cascaded rate than the corresponding forward-cascade-only run, but such differences are reduced at late times when dissipation dominates. It indicates that relatively stronger wave-wave interactions and weaker wave-particle processes are developed in the new run as compared to the forward-cascade-only run. Such differences, may be contributed from the new run's larger number of wave modes, which facilitate a more rapid transfer of fluctuation energy and stronger wave-wave interactions. Since the overall fluctuation dissipation rate does not increase in the presence of the inverse cascade, it may also indicate that, at least in the early time, the inverse cascade process is primarily driven by the nonlinear wave-wave interactions rather than wave-particle interactions.
Our results of the reduced magnetic energy spectrum E(k ) and E(k ⊥ ) show that the forward cascaded energy has a strong preference to quasi-perpendicular directions while the inverse cascaded energy has a much weaker anisotropy. Further computations from the cascaded energy regime suggest that the total energy cascaded forwards is about 90 times as much as the energy cascaded inwards. Thus our earlier simulations in smaller simulation boxes (Chang et al. 2011 Gary et al. 2012) with no inverse cascade yielded results very similar to the large box run described here.
